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no statistically significant difference between the single and
multimode mean velocity results. Furthermore, data rates
without the etalon and the laser operation at 2.0 W were
typically on the order of several thousand per second com-
pared to less than one thousand per second in the case of
single-mode operation at 1.2 W (with comparable photomulti-
plier voltage and signal conditioner amplification).

The velocity fluctuation intensity (the rms level divided by
the measured mean velocity) is shown in Fig. 2 for selected
conditions. (Again, for clarity, all of the available data were
not plotted in this figure.) For both single and multimode
operation, it was found that the measured intensity decreased
as the filter bandwidth was tightened about the Doppler fre-
quency and as the laser power was increased. These trends are
present in the representative data shown in Fig. 2. This behav-
ior was expected.

Comparing single and multimode operation, the single-
mode intensities generally showed more sensitivity to laser
power. More significantly, the multimode intensities were gen-
erally lower than those obtained with tuned etalon, single-
mode selection, although the difference between the two was
frequently only slightly beyond the limits for statistical signif-
icance. These results were not expected.

Dopheide and Durst1 demonstrated (using a He-Ne laser)
that LDA signals containing several beat frequencies have the
appearance of noisy signals. One would expect such signals to
yield larger "effective" velocity fluctuation intensities and/or
reduced data rates due to the presence of additional zero
crossings in the high-passed signal. Neither was found to occur
in the reported tests, particularly when the additional available
laser power was utilized for the multimode tests.

A better understanding and explanation of these test results
would require more extensive and systematic testing; however
a speculative explanation is proposed: For multimode opera-
tion, part of the "noise" in the LDA signal is really the
superposition of many higher-frequency beat signals with the
Doppler frequency. Theoretically, and other things being
equal, single-mode operation should result in an increase in
the signal-to-noise ratio (SNR). However, for the reported
tests the theoretical gain in SNR may have been entirely offset
by the attendant decrease in available laser power. Since the
powers reported here were measured on all transmitted wave-
lengths rather than on the 514.5-nm wavelength alone, and
since the power available in the 514.5-nm line depends upon
which axial mode is selected during etalon tuning, it is likely
that the actual power available was significantly lower for the
single-mode tests. In addition, spectral analysis1 shows that
the power in the beat frequencies is lower than the power at
the Doppler frequency and, in the present case, many beat
frequencies did not contribute to the "noise" since electronic
filtering conveniently removed all but one. As a consequence,
it is possible that the actual SNR was higher in multimode tests
at 1.0 and 2.0 W than in the single-mode tests at 1.2 W. This
would be consistent with the improved data rate and lower
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velocity fluctuation intensities found using the multiaxial-
mode laser.

Conclusions
The results of these tests indicate that the presence of beat

frequencies in the LDA signal does not necessarily result in
poor quality measurements or reduced data rate. In particular,
no effect was observed in the mean velocity measurements,
and the data rates for multimode operation exceeded single-
mode data rates when the additional beam power was em-
ployed. Higher-level velocity fluctuation intensities were not
associated with multimode operation.

Reference
Dopheide, D., and Durst, F., "High Frequency Laser Doppler

Measurements Using Multiaxial-Mode Lasers," Applied Optics, Vol.
20, No. 9, 1981, pp. 1557-1570.

Induced Drag of a Wing in a Circular
Wind Tunnel

Yuzo Yamamoto*
Gifu National College of Technology,

Motosu, Gifu, Japan

Nomenclature
b = wing span
E = complete elliptic integral of the second

kind, modulus k
e - span efficiency factor, CDi = Cl/(irARe)
K = complete elliptic integral of the first kind,

modulus k
k = modulus of elliptic function,

X2 = (b/d)2

sn v, en v, dn v = Jacobian elliptic functions, modulus k
v = variable, modulus k, x = sn v
W = uniform downwash
w = downwash on wing vortex trace
Z(v) = Jacobian theta function, modulus k,

E(v)-(E/K)v
F = bound vortex circulation
7 = trailing vortex strength
e = clearance between wing tip and wind-

tunnel boundary to wind-tunnel radius
ratio, 1 - (b/d)

Subscripts
c = closed-tunnel case
0 = open-tunnel case

Introduction

I N our previous paper,1 the exact expression of the spanwise
optimum lift distribution and the minimum induced drag

of a straight wing in a circular closed wind tunnel have been
obtained from the Trefftz plane flowfield analysis. In this
study, the spanwise optimum lift distribution and minimum
induced drag of a wing in a circular wind tunnel, with either a
closed or an open working section, are examined exactly. In
the closed-tunnel case, an alternative analysis with Ref. 1 is
derived, and the lift distribution and the induced drag that are
obtained by the present analysis are coincident with those of
Ref. 1. In the Trefftz plane flowfield analysis, the method of

Fig. 2 Measured turbulence intensity (%) vs tunnel reference veloc-
ity. Open symbols, multimode operation; solid symbols, single-mode
operation.
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Ref. 1 used a comformal mapping and Sohngen's inversion
integral formula,2 but the method of this study directly uses
Sohngen's formula through an independent variable transfor-
mation. In the open-tunnel case, the exact solutions of the
minimum induced drag and the optimum spanwise lift distri-
bution are found. Throughout this Note the flow is assumed
inviscid arid incompressible.

The most important configuration parameter is the wing
span to tunnel diameter ratio b/d. For conventional wind-
tunnel tests, this ratio may be 7/8 or less, where many useful
theories are available.3'6 However, useful theoretical works
cannot be found except Ref. 1, which treats the closed-tunnel
case only, if the ratio b/d is approached to unity. For the
open-tunnel case, this Note shows a useful theory that is valid
in the whole b/d range 0 < b/d < 1.

Closed-Tunnel Case
Consider the Trefftz plane flqwfield, then the relation of

normal downwash wc and trailing vortex yc is

(1)

When a new independent variable 17 is introduced by a relation

A* + [l/(Xjc)J = [X + (l/X)]/ij

Sohngen's inversion integral formula2 could be adapted to Eq.
(1), and the the following expression is obtained:

- , V l - v
The wing bound vortex circulation T(x) is given by

i
f (x) = y(x) dx

Jx

where f(x) = T(x)/[b/2].
In the minimum induced drag case,

w(x) = const = W

and the span efficiency factor e is as follows:
M

e =

where

CDi (optimum) = Cl/(-jrARe)

£=0.1

0
Wing Root

Fig. 1 Open-wind tunnel case spanwise optimum lift distribution
shape and e.

Jacobian elliptic functions7 are introduced and the spanwise
optimum lift distribution expression is obtained, which is an
alternative form of Eq. (13) in Ref. 1:

fc(v) = — r
7T |_

Ken vsn v + I sn v + 7^— Vz(v)ksn v/ J (3)

When the wing span to tunnel diameter ratio b/d reaches zero,
the approximate solution of the spanwise optimum lift distri-
bution shape is as follows:

rc(0) = VT^jc2 + — x2 vT^x2 + 0 (k4)
b/d-Q

If the b/d ratio reaches unity, the approximate solution of the
spanwise optimum lift distribution shape is

rc(0) - 1

See Fig. 3 in Ref. 1, which shows the relation of the closed-
tunnel case optimum lift distribution shape to gap width
ratio e.

The following span efficiency factor in the minimum in-
duced drag case is obtained:

When the wing span to tunnel diameter ratio b/d reaches
zero, the approximate solution of ec is as follows:

k k2 7. , 7
2 + 7 + ̂ * 32

If the b/d ratio reaches unity, the approximate solution of ec
is

0(e)

The relation of ec to e has been shown in Fig. 4 in Ref. 1.

Open-Tunnel Case
A following open-tunnel case spanwise optimum lift distri-

bution is obtained in the present study:

f0(v) = (4W/<jr)[Kcn v dn v + {sn v - [\/(k sn v)] }KZ(v)]

(5)
When b/d reaches zero, the approximate solution of the open-
tunnel case spanwise optimum lift distribution shape is as
follows:

r0(0)

If b/d reaches unity, the asymptotic solution is

r0(Q) -x

The relation of the open-tunnel case spanwise optimum lift
distribution shape F0 (Jc)/F0(0) to e is examined and shown in
Fig. 1.
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Fig. 2 Open-tunnel case span efficiency factor eo vs e.

A following open-tunnel case span efficiency factor in the
minimum induced drag is obtained:

- ^ 7 5 + 7 (6>

When b/d reaches zero, the approximate solution of e0 is

= 1 " 2 + T ~ 32k +32k + Q(k ^

If b/d reaches unity, the approximate solution of eQ is

= 1 - (4/7T2) + 2e[l - (4/7T2)]
rf-l

The relation of the open-tunnel case span efficiency factor e0
to e is examined by high-speed digital computer and shown in
Fig. 2.

Conclusions
The closed forms of both the spanwise optimum lift distri-

bution and the minimum induced drag in the closed-tunnel
case are obtained, and the results are coincident with those of
our previous paper. Open-tunnel case explicit expressions of
both the spanwise optimum lift distribution and the minimum
induced drag are obtained.

Appendix: Elliptic Spanwise Lift Distribution
Wing in Closed or Open Wind Tunnel

The span efficiency factor of a wing in a circular closed or
open tunnel eenipt is as follows4:

^ellipt =
1

1=F[4/(T*)]
(Al)

where the - sign of the double sign =F indicates the closed-
tunnel case and the + sign indicates the open-tunnel case.

The asymptotic solutions for b/d-+Q are

eellipt = ± (A2)

where the + sign of each double sign ± indicates the closed-
tunnel case and the - sign indicates the open-tunnel case.

The limiting values at b/d —I are

1
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Qualitative Model for Visualizing
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I. Introduction

T HE visualization of three-dimensional shock shapes using
electric discharge was previously attempted.1 However,

we did not know reasonable theory of the visualization. There-
fore, it has been difficult to select suitable experimental condi-
tions. Consequently, the visualization of shock shapes has
been difficult and they have not been visualized very success-
fully. A qualitative theory of the visualization has now been
established by considering the relation among the radiation
intensity from the electric discharge, the excitation function vs
electron energies, and the gas molecular number density. Ap-
plying this qualitative theory of the visualization, it was found
that there exists the most suitable experimental condition.
Utilizing this knowledge, it has become easy to visualize three-
dimensional shock shapes.

II. Visualizing Principle
In general, excitation functions rise according to the in-

crease of electron energies and, once they have reached their
maximums, decline according to the increase of electron ener-
gies. As mentioned by Nasser,2 the decline in all types of
excitation functions after reaching the maximums can be ex-
plained purely qualitatively by considering the actual collision
process that can be visualized by considering the interaction of
the electromagnetic fields of the two colliding particles. When
the oncoming particle is a fast electron "wave," the period of
interaction of the fields of the waves of both particles become
very short. The amount of kinetic energy and momentum
transferred from the electron to the molecule also decreases.
Hence, if the electron is too fast no "collision" takes place, as
no appreciable interaction of fields is effective in the short
time.

Radiation intensity I from an electric discharge is propor-
tional to the product of the excitation function F and the gas
molecular number density N. Because the excited molecule's
electron, upon resuming stability, discharges light in an
amount equal to its excitation energy, and because the number

where the - sign of the double sign =F indicates the closed-
tunnel case and the + sign indicates the open-tunnel case.
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